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In a previous paper with the same title [l] , it was proved that an asymptotic equipartition of energy property is enjoyed by solutions of abstract wave equations if and only if a certain Riemann-Lebesgue condition holds. Specifically, consider the initial value problem u"(t) + A%(t) = 0, 40) =fI , u'(0) = 62 (1) (' = d/dt) in a complex Hilbert space Z. Here A is a self-adjoint operator on 8, fr E D(N), the domain of A2, and fs E D(A). (1) is to be solved for t E (-CO, CO). The Cauchy problem (1) is well-posed, and the energy Ef = II A+)l12 + II @)l12 = f'(t) + K(t) depends on f = (fr , f2), but d oes not depend on t. (Here P(t) (resp. K(t)) denotespotentiu2 (resp. kinetic) energy at time t.) The theorem of [l] states that lim P(t) = t&nm K(t) = E,/2 t-,rLic for all choices of initial dataf = (fr ,f2) E D(A2) x D(A) if and only if lim I m for all t+*m --co eW(lj E(X)h 11") = 0 h E SP,
where {E(X)} is the resolution of the identity associated with A.l In particular, * Supported by National Science Foundation grant GP-12722. r In [l] (where slightly different notation was used) A was taken to be the nonnegative self-adjoint square root of AZ; actually any self-adjoint square root will do. The proof in [l] can easily be modified to handle this more general case with the help of the following observation: for t real, A-i sinh(itA) = iJvmW A-' sin(tA) dE(X) is a well-defined bounded operator on X (since 1 X-i sin( < / t 1) even if A is not invertible.
This observation, incidentally, eliminates the need for the approximation argument given in [l] . In this more general situation, one should replace J," eitA 41 -W)h II") by .I-", eitA d(lj E(X)L ]I*) throughout [l] . 392 In the final section we derive a sufficient condition for P(t) = K(t) = E,/2 whenever 1 t ] is sufficiently large (I t / > Tf) f or certain classes of initial data. An example is given to illustrate when this happens.
EXAMPLE (I)
In 1918 F. Riesz [2] (see also [3] for h E Z, (3) implies that xca,~) E *i whenever 0 < a < 6 < 27r.
Clearly if h E Zi and if c is a scalar, then ch E Z1 ; if h, k E X1 and if h, R have disjoint support, then 11 E(h)(h + K)lj2 = 11 E(X) h II2 + I/ E(h) K II2 by the theorem of
Pythagoras and so h + k E Z1 . It follows that X1 contains all step functions (3)) shows that the Duffin-Schaeffer theorem [6] implies that Menchoff's example actually satisfies (*) with t ---f & cc) through all real values.
Since E is arbitrary it follows that h E XI . This completes the proof that .q = a?.
ASYMPTOTIC EQUIPARTITION OF ENERGY IN THE CESARO SENSE
The notation is that of the introduction. Proof. The first assertion in (ii) follows from the theorem in [I] . The rest of the proof of (ii) is similar to (and easier than) the proof of(i) and is omitted.
For the sufficiency proof of (i), we begin by noting that according to the proof of [l], 2K(t) differs from E, by 2Re (U(2t) h, k), where (., .) denotes the inner product in Z, U(t) = exp(itA) The above one-dimensional example can be generalized to the case of variable coefficients and n dimensions.
In a personal communication, Professor R. J. Duffin pointed out that for the wave equation in three dimensions (A2 = Laplacian, X = L2(RS)), the conclusion of the above theorem holds (with d = CGm(R3)) even though the hypotheses are not satisfied. Duffin's proof uses the Paley-Wiener theorem.
